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Abstract. The paper proves the existence and elucidates the structure of 
the asymptotic expansion of the trace of the resolvent of a closed extension 
of a general elliptic cone operator on a compact manifold with boundary as 
the spectral parameter tends to infinity. The hypotheses involve only minimal 
conditions on the symbols of the operator. The results combine previous in- 
vestigations by the authors on the subject with an analysis of the asymptotics 
of a family of projections related to the domain. This entails a fairly detailed 
study of the dynamics of a flow on the Grassmannian of domains. 



1. Introduction 

In [T3] we analyzed the behavior of the trace of the resolvent of an elliptic cone 
operator on a compact manifold as the spectral parameter increases radially as- 
suming, in addition to natural ray conditions on its symbols, that the domain is 
stationary. Here we complete our analysis with Theorem 11.41 which describes the 
behavior of the aforementioned trace without any restriction on the domain. The 
main new ingredient is Theorem 14. 131 on the asymptotics of a family of projections 
related to the domain. This involves a fairly detailed analysis of the dynamics of a 
flow on the Grassmannian of domains. 

Let M be a smooth compact n-dimensional manifold with boundary Y. A cone 
operator on M is an element A E x~ m Diff™(Af ; E), m > 0; here DifF^(M;£J) is 
the space of ^-differential operators of Melrose [26j acting on sections of a vector 
bundle E — > M and a; is a defining function of Y in AI, positive in M. Associated 
with such an operator is a pair of symbols, the c-symbol c <n{A) and the wedge 
symbol A A . The former is a bundle endomorphism closely related to the regular 
principal symbol of A, indeed ellipticity is defined as the invertibility of c ar(A). The 
wedge symbol is a partial differential operator on N + Y, the closed inward pointing 
normal bundle of Y in M, essentially the original operator with coefficients frozen 
at the boundary. See [HI Section 2] for a brief overview and [TTJ Section 3] for a 
detailed exposition of basic facts concerning cone operators. 

Fix a Hermitian metric on E and a smooth positive ^-density rrif, on M (xtrif, is 
a smooth everywhere positive density on M) to define the spaces x 1 if (M; E). Let 
A be a cone operator. The unbounded operator 

A : C C °°(M; E) C x^L 2 b (M; E) -> x~*L 2 b (M; E) (1.1) 
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admits a variety of closed extensions with domains V C x~> 'L%(M;E) such that 
2?min C V C Pniaxj where fmin is the domain of the closure of (II. ip and 

Anax = {u S ^ 7 ig(M; £):Au6 x^(M; £)} . 

When A is c-elliptic, A is Fredholm with any such domain (Proposition 1.3.16 
of Lesch [22] )• The set of closed extensions is parametrized by the elements of 
the various Grassmannian manifolds associated with the finite-dimensional space 
^max/f min, a useful point of view exploited extensively in |llj . Without loss of 
generality, assume 7 = — m/2. 

Associated with N + Y there are analogous Hilbert spaces x^" 1 ^ 2 L 2 {N + Y\ E A ). 
Here x A is the function determined by dx on N + Y, _E A is the pull back of E\y to 
N + Y, and the density is xj}my where my is the density on Y obtained by contrac- 
tion of trtf, with xd x . We will drop the subscript A from a; A and E A , and trivialize 
N + Y as F A = [0, 00) x Y using the defining function. The space x~ m l' 1 L\{Y h '\ E) 
carries a natural unitary R + action (g, u) 1— > n g u which after fixing a Hermitian 
connection on E is given by 

K g u(x,y) = g rn/2 u(gx,y) for g > 0, e F A . 

The minimal and maximal domains, X> A . m in and P A . max , of A A are defined in an 
analogous fashion as those of A, the first of these spaces being the domain of the 
closure of 

A A :C?(Y A ;E) C x- m/2 ig(F A ; E) ™> X - m/2 L 2 b (Y A ; E). (1.2) 

A fundamental property of A A is its n- homogeneity, n g A A = g~ m A A n g . Thus 
2?A,min and X> A ,max are both K-invariant, hence there is an R + action 

1 ^ ^£ ■ PA,max/^A,min ^ ^A,max/^A ,min 

which in turn induces for each d" an action on Grd//(X> Aimax /£> Aim i n ), the Grass- 
mannian of ^''-dimensional subspaces of 2?A,max/2-'A,min- Observe that since the 
quotient is finite dimensional these actions extend holomorphically to C \R_ . 

Assuming the c-ellipticity of A we constructed in [11( Theorem 4.7] and reviewed 
in [14[ Section 2] a natural isomorphism 

^ • ^max/-^min * PA,max/^A,min 

allowing in particular passage from a domain T> for A to a domain £> A for A A which 
we shall call the associated domain. 
We showed in [12] that if 

c a(A) — A is invertible for A in a closed sector A C C which is a 

sector of minimal growth for A A with the associated domain 2? A (1-3) 

defined via ^A/^A,min — 

then A is also a sector of minimal growth for Ax>, the operator A with domain 
T>, and for <£M sufficiently large, (Ax> — \)~ e is an analytic family of trace class 
operators. In .14] we gave the asymptotic expansion of Tr(A-p — under the 
condition that D was stationary. Recall that a subspace T> C £> m ax with £> m i n C T> 
is said to be stationary if 6*(2?/2? A: , nax ) G Grd»(2? Aimax /l? A:m i n ) is a fixed point of 
the action n. More generally, assuming only (|1.3p . we now prove: 
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Theorem 1.4. For any ip e C°°(M; End(-E)) and I € N with mi > n, 

oo 

Tr(<p(A v - \y e ) ^^r J (A Vl ,...,A^",logA)A^/ m as |A| oo, 

where each rj is a rational function in N + 1 variables, N 6 N , iwi/i reaZ numbers 
fik, k = 1, ■ ■ ■ , -/V, flJic! ja, > i^j+i — * — oo as j — » oo. FFe /ia?;e = Pj/qj with 
Pj, qj £ C[zi, . . . , -Z/v+i] suc/i i/iai (A Vl , . . . , A VJV , log A) is uniformly bounded 
away from zero for large A. 

The above expansion is to be understood as the asymptotic expansion of a symbol 
into its components as discussed in the appendix. As shown in [14] . 

n-l 

Ti{ip{A v - X)- 1 ) ~ J2 a 3 \^^ + a n log(A)A- £ + s v {\) 

3=0 

with coefficients ctj £ C that are independent of the choice of domain V, and 
a remainder s-p(A) of order 0(|A|~ £ ). Here we will show that s-p(A) is in fact 
a symbol that admits an expansion into components that exhibit in general the 
structure shown in Theorem 11.41 More precisely, let 

Wl = {5ftcr/TO : a £ spec b (yl), -to/2 < Qcr < m/2} , (1.5) 

where spec b (A) denotes the boundary spectrum of A (see [26]), and let 

l£ = additive semigroup generated by 

{3(cr - a') :a,a'e spcc b (A), -to/2 < 3cr < 3a' < m/2} U (-N ), (1.6) 
a discrete subset of M_ without points of accumulation. Then 

s c (A)~ r„(\^,...,\^,\og\)\"/ m as|A|->oo, (1.7) 

v<.—£m 

where the fii are the elements of 971 and the r v are rational functions of their 
arguments as described in the theorem. 

An analysis of the arguments of Sections [3] and 2] shows that the structure of 
the functions r v depends strongly on the relation of the domain with the part of 
the boundary spectrum in the 'critical strip' [a G C : —m/2 < Scr < to/2}. This 
includes what elements of the set 9Jt actually appear in the rv, and whether they 
are truly rational functions and not just polynomials. We will not follow up on this 
observation in detail, but only single out here the following two cases because of 
their special role in the existing literature. When T> is stationary, the machinery 
of Sections [3] and 0] is not needed, and we recover the results of [13] : the r v are 
just polynomials in log A, and the numbers v in (|1.7[) are all integers. If T> is non- 
stationary, but the elements of spec f) (yl) in the critical strip are vertically aligned, 
then again there is no dependence on the elements of SDt, but the coefficients are 
generically rational functions of log A. Note that all second order regular singu- 
lar operators in the sense of Bruning and Seeley (see [3J [H]) have this special 
property. 

By standard arguments, Theorem 11.41 implies corresponding results about the 
expansion of the heat trace Tr(ipe~ tAv ) as t — > + if A-p is sectorial, and about the 
structure of the ^-function if Ad is positive. It has been observed by other authors 
that the resolvent trace, the heat kernel, and the C-huiction for certain model 
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operators may exhibit so called unusual or exotic behavior O [3 [H [T9l EHl EU E3] . 
This is accounted for in Theorem 11.41 by the fact that the components may have 
non-integer orders i/j belonging to the set (£, and that the fj may be genuine rational 
functions and not mere polynomials. For example, the former implies that the Q- 
function of a positive operator might have poles at unusual locations, and the latter 
that it might not extend meromorphically to C at all. Both phenomena have been 
observed for ^-functions of model operators. 

Earlier investigations on this subject typically relied on separation of variables 
and special function techniques to carry out the analysis near the boundary. This 
is one major reason why all previously known results are limited to narrow classes 
of operators. Here and in [14] we develop a new approach which leads to the 
completely general result Theorem II .41 This result is new even for Laplacians with 
respect to warped cone metrics, or, more generally, for c-Laplacians (see |14j). 

Throughout this paper we assume that the ray conditions (|1.3I) hold. We will 
rely heavily on |14j . where we analyzed (A-p — X)~ £ using the representation 

(A v - A)" 1 = B(X) + [1 - B(X)(A - A)] J F I ,(A)- 1 r(A) (1.8) 

obtained in [T2] with the aid of the formula 

In |14j we described in full generality the asymptotic behavior of the operator 
families B(X), [1 — B(X)(A — A)], and T(A), and gave an asymptotic expansion of 
F-p(X)^ 1 if T> is stationary. Therefore, to complete the picture we only need to show 
that ^(A) -1 has a full asymptotic expansion and describe its qualitative features 
for a general domain T>. 

We end this introduction with an overview of the paper. There is a formula 
similar to (jl.8[) concerning the extension of (|1.2|) with domain T) A . The analysis 
of F-p(X)^ 1 in [14 was facilitated by the fact that the corresponding operator 
F A .-p A (A) _1 for A Ai x> A has a simple homogeneity property when V is stationary. In 
Section[2]we will establish an explicit connection between the operator -Fa.Da (A) -1 
and a family of projections for a general domain 2? A . This family of projections, 
previously studied in the context of rays of minimal growth in [TTj, H3] , is analyzed 
further in Sections [3] and [4l and is shown to fully determine the asymptotic structure 
of -Fa.-Da (A) -1 , summarized in Proposition 12.171 As a consequence, we obtain in 
Proposition ^. 201 a description of the asymptotic structure of {A A ^x> A — A) -1 . 

The family of projections is closely related to the curve through T> A /T> A , m in 
determined by the flow defined by k on Gr^" (2?A,max/f A.min)- The behavior of 
an abstract version of #c^ 1 (X' A /2'A,min) is analyzed in extenso in Section [3l Let 
£ denote a finite dimensional complex vector space and a : £ — * £ an arbitrary 
linear map. The main technical result of Section [3] is an algorithm (Lemmas 13.51 
and 13. lip which is used to obtain a section of the variety of frames of elements of 
G?d"{£) along e ta D for all sufficiently large t (really, all complex t with < 8 
and 5ii large). The dependence of the section on t is explicit enough to allow the 
determination of the nature of the il-limit sets of the flow t i— > e ta on Grd"{£) 
(Proposition 13. 3j) . 

The results of Section [3] are used in Section [4] to obtain the asymptotic behavior 
of the aforementioned family of projections, and consequently of F At x> n (X)~ 1 when 
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A G A as |A| — > oo, assuming only the ray condition (|1.3|) for A A on T> A (in the 
equivalent form given by (iii) of Theorem 12 . 1 5|) . 

The work comes together in Section [5J There we obtain first the full asymptotics 
of -Fb(A) -1 using results from rT2j[14] and the asymptotics of -F a .:d a (A) -1 obtained 
earlier. This is then combined with work done in [14] on the asymptotics of the 
rest of the operators in (| 1 .8(1 , giving Theorem 15.61 on the asymptotics of the trace 
Tr((/?(Ajj — A) - ^). The manipulation of symbols and their asymptotics is carried 
out within the framework of refined classes of symbols discussed in the appendix. 

2. Resolvent of the model operator 

In [IIJ [T21 [13] we studied the existence of sectors of minimal growth and the 
structure of resolvents for the closed extensions of an elliptic cone operator A and 
its wedge symbol A A . In particular, in rfj] we determined that A is a sector of 
minimal growth for Ajj if c (t{A) — A is invertible for A in A, and if A is also a sector 
of minimal growth for A A with the associated domain T> A . In this section we will 
briefly review and refine some of the results concerning the resolvent of A Ai x> A in 
the closed sector A. 

The set 

bg-res(A A ) — {A S C : A A — A is injective on Z>A,roin an d surjective on £> A , ma x} , 

introduced in 11], is of interest for a number of reasons, including the property 
that if A £ bg-res(A A ) then every closed extension of A A — A is Fredholm. Using 
the property 

n e A A = g- m A A K g (2.1) 

one verifies that bg-res(A A ) is a disjoint union of open sectors in C. Defining d" = 
— ind(^4 A ,min — A) and d! = ind(.A Amax — A) for A in one of these sectors, one has that 
if (A Aj d a — A) is invertible, then dim(2? A /2? A)m i n ) = d" and dimker(A AiBlax — A) = d! . 
The dimension of 'D AjIaax /"D A,min is d! + d" . 

From now on we assume that A / C is a fixed closed sector such that A\0 C 
bg-res(^4 A ) and res j4 a ,x> a f~l A ^ 0. Without loss of generality we also assume that 
A has nonempty interior. The set res A At -p A HA is discrete, in particular connected. 

Corresponding to (|1.8j) there is a representation 

(A A ,v A - A)" 1 = B A (X) + [1 - B A (X)(A A - A)]F A ^ A (A)- 1 T A (A) (2.2) 

for A £ An res(v4 Aj u A ). As we shall see in Section [5l if A is a sector of minimal 
growth for ^4 a ,-d a , then the asymptotic structure of F A x> A (A)~ 1 determines much 
of the asymptotic structure of the operator F-d(A) -1 in ()1.8|) . 

If D A is K-invariant, then i 7 ' Ai 'D A (A) _1 has the homogeneity property 

K | ^} 1/m F A , 2 , A (A)- 1 = F A , I?A (A)- 1 (2.3) 

and is, in that sense, the principal homogeneous component of fj^A) . This 
facilitates the expansion of ^(A)^ 1 as shown in [14, Proposition 5.17]. However, 
if T> A is not K-invariant, F a ,-d a (A) fails to be homogeneous and its asymptotic 
behavior is more intricate. 

The identity (|2.2p obtained in 12] begins with a choice of a family of operators 
K A (X) : C d " -» x- m / 2 L 2 b (Y A - 1 E) which is K-homogeneous of degree m and such 
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that 

^A,min 

{A A -X K A (X)): © -^x- m / 2 L 2 b (Y A ;E) 
C d " 

is invertible for all A G A\0. The homogeneity condition on K A means that 

K A {g m X) = g m n e K A {X) for g > 0. (2.4) 

Defining the action of K + on C d to be the trivial action, this condition on the 
family K A (A) becomes the same homogeneity property that the family A A — A has 
because of (|2.1j) . Other than this the choice of K A is largely at our disposal. That 
such a family^ K A (A) exists is guaranteed by the condition that A\0 C bg-res(A A ). 

Let Ao G A be such that A A .x> A — A is invertible for every A = e l,5 Ao G A. We 
fix Ao (for convenience on the central axis of the sector) and a cut-off function 
uj G C C °°([0,1)), and define 

K A {\) = (A A -\)u(x\\\ 1 ' m )K\ X/Xo \ l/m forAeA\0 (2.5) 

acting on T> A /T> A , m in — C d . The factor uj(x\X\ 1 '" 1 )k\x/\ \i/^ in ()2.5|) is to be 
understood as the composition 

T) IT) "[A/Apl 1 /'" ^ , ^ „ ^ 

^A/^A,min * ^A.niax/ ^A.min — ^A,max ^A,max ~ ' ^A,max 

in which the last operator is multiplication by the function A 1 ) and we 
use the canonical identification of C A ,max/2?A,min with the orthogonal complement 
£ a, max of P A ,min in V A , max using the graph inner product, 

(«, v) An = (A A U, A A v) + (it, v), U, V G X> A ,max- 

By definition, K A (X) satisfies (12.4)) and the family 

^A.min 

(A A — X K A (X)): © -^x- m ' 2 L 2 b (Y^-E) 

D/s/'D A,min 

is invertible for every A on the arc {A G A : |A| = |Ao|} through Ao. Therefore, using 
K-homogeneity, it is invertible for every A G A\0. If 

^A,min 

x- m/2 L 2 b {Y A ] E) © 

^A/^A.min 



B A (X) 
Ta(X) 



is the inverse of (A A _ min — X K A (X)), then T A (X)(A A — A) = on P A ,miiu so it 
induces a map 

-Fa (A) = [T A (A)(A A -A)] : D A,max/Z^A,min * /\ / D A, ,min 

whose restriction F At u A (A) = -F 1 A (A)|u A / :c . A min is invertible for A G res(^4 Aj x> A ) (~lA\0 
and leads to (|2.2[) . Moreover, since T A (A)if A (A) = 1, we have 

F^vA^ 1 = 9a(A a , Ca - A)-^ A (A) 

= q A (A A ,v A - A) _1 (A A - X)u(x\X\^ m )K WXo \ l/m , 

where g A : P A , max -> a, max a, mm is the quotient map. 

For A G bg-res(A A ) let /C a ,a = ker(A A , max - A). Then ([12 Lemma 5.7]) 

A G res(j4 A ,i> A ) if and only if 2> A , max = V A © /C A , A (2.6) 
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in which case we let ttt> a ,iCa a be the projection on T> A according to this decompo- 
sition. If i?A,max(-M is the right inverse of 7l A max — A with range /C^ A , then 

(^a,x> a — A) 1 = 7Tx> Ai /c A , A -B Aimax (A) 
and i?A,max(-^)(^lA,max — A) is the orthogonal projection onto /C AA . Thus 

A,X 

B A 

and therefore, 
Let 

D = V A /V^ tm i n , K A .\ = (/C A ,A + Z^minj/^Vmin- (2.7) 

Again by Lemma 5.7 of [llj . either of the conditions in (|2.6[) is equivalent to D R 
i^A.A = 0, hence to 

,max/^A,min — © #A,A (2.8) 

by dimensional considerations, since dimA" A ,A = dim/CA,A = df. Let then ttd,k a x 
be the projection on D according to the decomposition (|2.8|) . Then g A 7T v a ,k a x — 
kd,k A]X q/\ and 

fA,p A (A) _1 = ir D ,K A . A g A w(2;|A| 1/m )K| A/Ao |i/ m 

= 7TC,A' A , A K|A/Ao|i/™ (2.9) 

since multiplication by (1 — c<j (a; | A| 1 /' m ) ) maps Pa, max into £>A,mm for every A. 

We will now express F At u A (X)^ 1 in terms of projections with ATa,a m place of 
K A \. This will of course require replacing D by a family depending on A. 

Fix A £ A, let S\ : m be the connected component of {£ : £ m A £ A} containing R + . 
Since A ^ C, Sx, m omits a ray, and so the map R+ 3 g i— ► K e £ Aut(I?A,max/f A,min) 
extends holomorphically to a map 

S\. m 9 C ^ «C G Aut(X>A,max/PA,min)- 

It is an elementary fact that 

K( (itd,k AiX )k ( = tt k -i Dk -i Kax . 

A simple consequence of (|2.1j) is that n^ l K, A ^\ = IC A ,\/^ m if C £ , hence also 

k^Xa.a = K a .\/q™ for such £ since the maps q A \ic A A : ^a,a —* K A \ are isomor- 
phisms. Therefore 

K^A.Ka.aK = ^^.JC^/cm ( 2 - 10 ) 

if C € M+. This formula holds also for arbitrary ( £ Sx, m - To see this we make 
use of the family of isomorphisms Sp(A') : /Ca,a — > A^ A ,A' (defined for A' in the 
connected component of bg-res(^4 A ) containing Ao) constructed in Section 7 of [IT] . 
Its two basic properties are that A' i— > <P(A')0 is holomorphic for each <f> £ /C a ,a an d 
that K e <P(A') = ?P(gi m A') if g £ R + . These statements are, respectively, Proposition 
7.9 and Lemma 7.11 of [11]. Let 

/ : Z^A.max > C 

be an arbitrary continuous linear map that vanishes on /C a ,a- For any <j) £ 1C A .\ 
the function 

5A,»3(^(/,^(A/(»eC 
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is holomorphic and vanishes on R+, the latter because K^(X/( m ) = Cp( A) for such 
C- Therefore (/, K^*P(A/C m )0) = for all ( e S\, m - Since / is arbitrary, we must 
have K C <#{\/( m )(j> £ /C a ,a- Therefore <P(A/C m )0 € K^A^a- Since <P(A/C m ) : 

^a,a ~* ^-A,A/c m i s an isomorphism, /C A ,A/C m = K f ^-A,A when £ G Sa,-to- This 
shows 

^A,A/C m = k£ K At x 
and hence that (|2.10p holds for £ G Sa,™- 

The principal branch of the m-th root gives a bijection 

(•) 1/m :Ao 1 A^S , A , ro . (2.11) 

The reader may now verify that with this root, and with the notation £ = C/\C\ 
whenever £ 6 C\0, one has 

K^^WA)" 1 = < o|1 / m «(VA»)^ ( 7r «- 1 Ao)1/m 2 3 ,X A ,, D )«J/Ao)V m ( 2 - 12 ) 

o 

when A £ An res(A A ,i? A ). The arguments leading to this formula remain valid if 
A is replaced by a slightly bigger closed sector, so the formula just proved holds in 
(A\0)nres(A Al3 > A ). 

The projection ir K -i D K is thus a key component of the resolvent of 

(A/A )V™ ' A ' A 

A A ,v A whose behavior for large |A| will be analyzed in Section [4] under a certain 
fundamental condition which happens to be equivalent to the condition that A is a 
sector of minimal growth for A A ,x> A ■ We now proceed to discuss this condition. 

The condition that the sector A with A\0 C bg-res(A A ) is a sector of minimal 
growth for A A x> A was shown in [111 Theorem 8.3] to be equivalent to the invertibility 
of A Ai t> a — A for A in 

Ai? = {A e A : |A| > R} 
together with the uniform boundedness of 7r -i D K , in Ar. Further, it was 

A |l/ m > A 

shown in [13j that along a ray containing Ao , this condition is in turn equivalent to 
requiring that the curve 

Q I ► K^D : [R,0O) -> Gr rf //(PA,ma X /^ A,min) 

does not approach the set 

*SfA.A„ = i D G G ^" (^A,max/PA,mi„) ! D fl K AM ± 0} (2.13) 

as g — > oo, a condition conveniently phrased in terms of the limiting set 

Q-(D) = {£>' e Gr« J //(2? A , max /2? AiJnln ) : 3g v -► oo in M+ 

such that k~^D — ► £)' as ^ — > 00} : 

A ray {rAo £ C : r > 0} contained in bg-res(A A ) is a ray of minimal growth for 
A A .v A if and only if 

Q-(D)nf KAtXo =0. 

Define 

3 {CJ^Li C C with AoG, e A and 
\Cu\ -> 00 s.t. K~y m D -> £>' as 1/ -> 00}. (2.14) 
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in which we are using the holomorphic extension of g i— ► k b to S\ , m and the m-th 
root is the principal branch, as specified in (|2. 1 1|) . We can now consolidate all these 
conditions as follows. 

o 

Theorem 2.15. Let A be a closed sector such that A\0 C bg-res(^4 A ), 1st Ao € A. 
The following statements are equivalent: 

(i) A is a sector of minimal growth for A Ai x> A ; 
(ii) there are constants C, R > such that A# C res(A Aj x> A ) and 



D,K A 



< C 

^?(T>A,max/I>A,min) 



for every £ such that AoC £ A#; 

(in) ni(D)n-r KAtXo =0. 

Proof. By means of (|2.10[) we get the identity 



-l 



. l/m D,K AAo -\-vm«|Ao|V-(^-i l/m£ ,,K Ai JK| Ao |i 



which is valid for large A £ A, £ = A/A , and £ = C/lCl- Since K^/ m and K~^ /m are 
uniformly bounded, Theorem 8.3] gives that (i) and (ii) are equivalent. 

We now prove that (ii) and (Hi) are equivalent. Let E a, max = f A,max/^A,min an d 
assume (m) is satisfied. Since Q~^(D) and %: A Aq are closed sets in Gr^ (£ Ajmax ), 
there is a neighborhood U of ^ A)Ao and a constant i? > such that if | AoC I > R 
then K^ 1/m D £ U. Let 5 : Gr^ (f AiIMX ) x Gr^ (£ A , max ) — ► R be as in Section 5 
of [11]. Since Vk^ a „ I s the zero set of the continuous function V i— » <5(V, AT A , Ao )j 
there is a constant <5o > such that S(K^ m D, if A ,Ao) > for every £ such that 
AoC S A fl . Then [HJ Lemma 5.12] gives (ii). 

Conversely, let (ii) be satisfied. Suppose Q^(D) R ^k Ai x an d let Z?o be 
an element in the intersection. Thus -Do n K A .\ a =/= {0} and there is a sequence 
{C^l^i C C with AoCiy £ A such that |Ci/| — > oo and D v — n~i /m D — > £>o as — > oo. 

If ^ is such that | AoCi> I > R> then AoC„ £ res(/l A: £> A ) and I? n Ka,\ (v = so 
L>„ n if A) A Q = {0}. Thus for v large enough D v £ Vk a , Xo - 

Pick u £ DoH^a.Ao with \\u\\ = 1. Let ttd^ be the orthogonal projection on D v . 
Since D v — » Z?o as i/ — » oo, we have ttd^ — ► 7Tc , so u„ = kd u u — ► ^d u = u - F° r 17 
large, £>„ '^ / r- a a , so u u — u ^ 0. Now, since u u £ D v , u £ K At \ , an d u v ~~ * u > 



^•—o ^ = ^ - oo as oo. 

But this contradicts (ii). Hence Q,~(D) n %- A A = 0. □ 



If P A is not K-invariant, the asymptotic analysis of F^ t x> A (X) 1 (through the 
analysis of the projection ttd,k a x ) leads to rational functions of the form 

n(A Vl A iA1JV log A) 
r(A^,...,A^,logA) = ^ ' S , (2.16) 

v ' 6 ; g (Avi,...,Av« ; iogA) v ; 

with [it £ M for £ = 1, . . . , AT, where q(z\, . . . , zjv+i) is a polynomial over C such 
that |q(A IMl , . . . , X HLN , log A) | > S for some S > and every sufficiently large A £ A, 
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and 



p(A^ , . . . , , log A) = V a ak (X)X iafl log* A 



a . k 



with [i = (fii, . . . , //jv), a £ Nq , k E No, and coefficients 
such that a a k(g m \) = K e a a k(X) for every g > 0. 

Proposition 2.17. If A is a sector of minimal growth for A A x> A , then for R > 
Zarge enough, the family Fa,t> a (X) — F A (X)\x> A /v A min *s invertible for A E A# and 
-Pa,x>aW ^ as the following properties: 

(*) ^a^.(A)- 1 E C°°(A fl ;if(I? A /P A:min ,P A:max /I? A , min )) 7 anrf/or ever?, a,/3 £ 
No we /lave 

VJv^fi^WA)- 1 =0(|A|^-«-' 3 ) as |A|-oo, (2.18) 
with i> = §; 

(ii) for all j E No there exist rational functions rj of the form (|2.16[) and a 
decreasing sequence of real numbers = vq > i>i > ■ ■ ■ ^ — oo such that for 
every J E N, the difference 

,7-1 

F A ,v A (A)" 1 - r i( xiPl . • • • . AV ™ . log A ) A " J ' /m (2-19) 
j'=o 

satisfies (|2.18[) wi£/i f = v j + e /or any e > 0. 

The phases /ii, . . . , fijy, and the exponents Vj in (|2.19p depend on the boundary 
spectrum of A. In fact, pb\, . . . , hn E 9Jt and i>j E € for all j, see (|1.5|) and (|1.6jl . 

This suggests the introduction of operator valued symbols with a notion of as- 
ymptotic expansion in components that take into account the above rational struc- 
ture and the K-homogeneity of their numerators. The idea of course is to have a class 
of symbols whose structure is preserved under composition, differentiation, and as- 
ymptotic summation. In the appendix we propose such a class, Sag (A;E,E), a 
subclass of the operator- valued symbols S°°(A; E, E) introduced by Schulze, where 
E and E are Hilbert spaces equipped with suitable group actions. The space 
(A; E, E) is contained in 5" +e (A; E, E) for any e > 0. 

As reviewed at the beginning of the appendix, the notion of anisotropic homo- 
geneity in S^(A;E,E) depends on the group actions in E and E. Thus homo- 
geneity is always to be understood with respect to these actions. 

In the symbol terminology, we have 

Fa,v a (A) -1 E (S% nS°)(A R ;V A /V Atmin ,V A 

,max/f A, min); 

where 2? A /X> A ,mm carries the trivial action and fA,max/f A,min is equipped with n e . 

Proof of Proposition \2. 1 7\ Since A is a sector of minimal growth for A A ,x> A , there 
exists R > such that (A Ai x> A — A) is invertible for A E A#, which by definition is 
equivalent to the invertibility of F A _x> A (X). Since the map £ i— > Kgi/ m is uniformly 

bounded (recall that £ = C/ICI); the relation (|2.12p together with Theorem 12.151 
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give the estimate (|2.18j> for a = (3 = 0. If we differentiate with respect to A (or A), 
then 

d\F A>T > A (A) -1 = - j F a ,p a (A)- 1 [5 a F a ^ a (A)]F a ^ a (A)- 1 

= -F A , VA (\)- 1 [d x F A (\)]F A:VA (\)- 1 . 

Now, if we equip T> A /T> AtW \ n with the trivial group action and I^max/^A,!!™ with 
K g , then -FX (A) : TJ Amax /T> Amin — » ^A/^A^in is homogeneous of degree zero, hence 
\\d\F A (\)K\ x \i/ m || is C(|A| _1 ) as |A| — > oo. Therefore, 

^x^dxF^iX)- 1 ^ = OdXr 1 ) as |A| -» oo, 

since /tr^j 1/m 9A-FA,i> A (A) _:L can be written as 

-[k-J^Fa^ca)- 1 ] [a A F A (A)K| A1 iM] [k-^f^x)- 1 ], 

and the first and last factors are uniformly bounded by our previous argument. The 
corresponding estimates for arbitrary derivatives follow by induction. 
Next, observe that by (I2T21) . 

with ( = A/A and C = C/ICI- For A G A fl , let fe(A) = n c i/ m and fc(A) = Kj* m . Then 

fc(A) is a homogeneous symbol in S {0) (A R ; £>A,max/£>A,min, £>a, max/2? A , mi „), where 
the first copy of the quotient is equipped with the trivial action and the target space 
carries K e . Similarly, k(X) G S^ ) (A fl ; £> A /D A , mm , T> A:max /V Aimin ) with respect to 
the trivial action on both spaces. 

Finally, the asymptotic expansion claimed in (u) follows from Theorem 14.131 
together with the homogeneity properties of fc(A) and fc(A). □ 

As a consequence of Proposition 12.171 and since B A (X), [1 — B A (X)(A A — A)], 
and Ta(A) in (|2.2p are homogeneous of degree — m, 0, and — m, in their respective 
classes, we obtain: 

Proposition 2.20. If A is a sector of minimal growth for A A: -p A , then for R > 
large enough, we have 

' ' , C>— Hi \ < \ . ill i T .- -T, 

y A : maxJ; 

where the spaces are equipped with the standard action k q . The components have 
orders v + with v G 2: and their phases belong to fffl, see (jl.5[) and (|1.6[) . 

3. Limiting Orbits 

We will write £ instead of T> Atmax /T> A, m in and denote by o : £ — > £ the infini- 
tesimal generator of the R + action (g,v) i— > K~ x v on £, so that k~ 1 D = e ta D with 
i = log q. In what follows we allow t to be complex. The spectrum of a is related 
to the boundary spectrum of A by 

spec a = {— ia — m/2 : a G spec b (A), —m/2 < 3a < m/2} . (3-1) 

For each A G spec a let £\ be the generalized eigenspace of a associated with A, 
let 7T\ : £ — * £ be the projection on £\ according to the decomposition 

AGspcc a 



(A A ,p A - A)- 1 G (S£ m)+ nS- m )(A R ;x~ m / 2 L 2 b ,V AAriaK ), 
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Define N : £ -» £ and N x : E\ -> £ \ by 

AT = a- ^ Att a , iV A = 7V| £A , 

AGspcc a 

respectively, and let 

a'-.E^E, a' = ^ (^A)tt a . (3.2) 

AGspcc a 

For /j, € 3?(spec a) let 

= @ ^A 5 

AGspcc a 
5RA=^ 

let ; E — > E be the projection on £ M according to the decomposition 

^iG5R(spcc a) 

and let 

Fix an auxiliary Hermitian inner product on £ so that 0£ A is an orthogonal 
decomposition of £. Then a' is skew-adjoint and e ta is unitary if t is real. 

Proposition 3.3. For every D G Gr<2»(£) t/iere is Z?oo e Gr<2"(£) such that 

dist(e ta L>, e^'Doo) as m -» oo m = {* e C : \Qt\ < 6} (3.4) 

for any 9 > 0. TTie set 

n A = \ D> e Gr d »(£) : 3 {t u } C 5 e : m v -» oo and lim e*"°£> = D'l 

L I/— >00 J 

zs i/ie closure of 

[e^D^ :teSe). 

We are using 0+ for the limit set for consistency with common usage: we are 
letting 5fti tend to infinity. 

If T is a vector space, we will write for the space of polynomials in t 

and t _1 with coefficients in T (i.e., the ^-"-valued rational functions on C with pole 
only at 0). If p 6 JF[i,t _1 ], let c s (p) denote the coefficient of t s in p, and if p ^ 0, 
let 

ord(p) = max {s E Z : c s (p) 7^ 0} . 
The proof of the proposition hinges on the following lemma. 

Lemma 3.5. Let D C £ be an arbitrary nonzero subspace. Define D 1 = D and by 
induction define 

W = max{/ieK(speco):7r M D / ^0} ) D e+1 =kevn lle \ D e, £> w = {D e+1 ) ± nD e 
starting with I = 1. Let L &e i/ie smallest i such that D i+1 = 0. TTitzs 

^7** If : f a»< ~^ ^w-^w * s an isomorphism (3.6) 
and -D = 0^ =1 £> w • T/ien /or eac/i £ iftere are elements 

p{ G 7f w I> w [t, 1/i], ft = 1,.. .,dimD W) 
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such that with 

we have that ord q k = and the elements 

g k = co(gy, k = 1,. .. , dim D fJie , are independent. 
The proof will be given later. 

Proof of Proposition \3.3[ Suppose D C £ is a subspace. With the notation of 
Lemma 13.51 let 

^Vi.oo = span {g£ : k = 1, . . . , dim fl w } . 

Since e tfr ^ is invertible and q[{t) = g e k + h{{t) with h{(t) = ©(t" 1 ) for large ?Rt 
(t G Sg), the vectors form a basis of TTu e D„ e for all sufficiently large i. Using 
(13. 6[) we get unique elements 

For each £ the pf.(t) give a basis of D fJie if £ is large enough, and therefore also the 

e-^pUt), fc=l,...,dim£> w , 
form a basis of £> w for large Sfti. Consequently, the vectors 

e ta e~ tfle p{(t), k=l,...,6imD IM , £=1,...,L, 
form a basis of e ta D for large Sfti. We have, with 7V> = N\s x , 
e t «e~^p{(t)= £ e^-^e tN ^ xP i(t) 

AEspcc a 

= J2 e^-^e tN ^ x pi(t)+ £ e^-^e tN ^ x pi(t) 

AEspcc a AGspcc a 

= e^'e tfl ^ t p{{t) + e^-^e tN ^ x pi(t) 

AGspcc a 
9?A</^ 

AGspcc a 

so e*°e-'w^(i) = e ta ' g e k + h{(t) where = O^ 1 ) as 8tt -> oo in 5 e . It follows 
that (|3.4p holds with = (Bfci D^^, This completes the proof of the first 
assertion of Proposition 13.31 

Remark 3.7. The formulas for the vt(t) — e ta e~ tfJ " e p k (t) given in the last displayed 
line above will eventually give the asymptotics of the projections ir e ta D K (assuming 
■f K nO, + (D) = 0, see Theorem l2T5|) . Note that the shift by m/2 in (|3~Tj) is irrelevant 
and that the coefficients of the exponents in the formula for v k (t) belong to 

{A - m' : A, A' G spec a, 5RA < 5ft A'} (3.8) 

Because of (13.11) , this set is equal to 

-i{a- i^sa' :a,a'e spec b (A), -m/2 < 3cr < 3c/ < m/2} . (3.9) 
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If all elements of {a £ spec b (A) : —m/2 < 3cr < to/2} have the same real part, then 
all elements of (|3.8j) have the same imaginary part v, the operator a' is multiplica- 
tion by if, and we can divide each of the vf.(t) by e ltv to obtain a basis of e ta D in 
which the coefficients of the exponents are all real. 



To prove the second assertion of the proposition, we note first that (|3.4p implies 
that fig (D) is contained in the closure of {e ta : t £ Sg}. To prove the opposite 
inclusion, it is enough to show that 

e ta 'D OQ £n+(D) (3.10) 

for each t £ Sg, since £lg{D) is a closed set. Writing e ta ' -Doo as e lSt (e Ut a ' D x ) 
further reduces the problem to the case 9 = (that is, t real). While proving (|3.10[) 
we will also show that the closure X of {e ta : t £ R} is an embedded torus, 
equal to Qq(D). 

Let {Xk}^ = i be an enumeration of the elements of spec a. Define / : 1^ x 
Gr d „(£) ^Gr d „{£) by 

f(T,D)=e^ iT "^D, 
t = (r 1 , . . . ,t k ). This is a smooth map. Since the ir\ k commute with each other, 
/ defines a left action of R on Gi d "(£). For each r £ WL K define 

f T : Gr d „(£) Gr d „(£), f T (D) = f(r,D) 

and for each D £ Gr d " {£) let 

f D : M K — > Gr d "(£), f D (r) = f(r,D). 

The maps f T are diffeomorphisms. 

We claim that f Doa factors as the composition of a smooth group homomorphism 
cj> : M. K — ► onto a torus and an embedding h : T K — » Gr^f), 




Both <f> and ft, depend on D^. 

To prove the claim we begin by observing that {u £ TM. K : df D °° (u) = 0} is 
translation-invariant. Indeed, let To £ R K , let v = (v 1 , . . . , v K ) £ M. K , and let 
7 : R -> R K be the curve j(t) = tv. Then 

/ D -fo + 7(t)) = /W D ~(7(*)) 

so 

E k) = ^ ° # Do ° E lo). 

Since / To is a diffcomorphism, 



5> fe d T <;|r„ G [ker df D °° : T To R* - T fDcB(n) Gi d »(8)] 



^v k d Tk \ £ [kcr df D °° : T R K -» r Doo Gr^(f)]. 



Thus the kernel of d/ 1,00 is translation-invariant as asserted. 

Identify the kernel of df D °° : T R K -> r Doo Gr d »(£) with a subspace 5 of R x in 
the standard fashion. Then f D °° is constant on the translates of S and if 72. is a 
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subspacc of complementary to S, then f Da °\-R is an immersion. Renumbering 
the elements of spec a' (and reordering the components of M. K accordingly) we may 
take 1Z = R K ' x 0. 

Since f D °°\-n is an immersion, the sets Tw = {tGK: f D °°{ T ) = £)'} are dis- 
crete for each D' S / Do ° (11). Using again the property f Doa (n +t 2 ) = f Tl °f Do ° [t%) 
for arbitrary ti, € K , we see that ^d,^ is an additive subgroup of 1Z and 
that f D °° is constant on the lateral classes of Td x - Therefore f D °°\n factors 
through a (smooth) homomorphism <f> : TZ — > TZ/J'd^ and a continuous map 
T^l '^D„ — * GtcI"(£)- Since f Dao is 27r-periodic in all variables, 2itZ k ' C .Fd^, 
so IZ/Fd^ is indeed a torus T^" . Since is a local diffeomorphism and f Da ° is 
smooth, /i is smooth. 

With this, the proof of the second assertion of the proposition goes as follows. 
Let L C R K be the subspace generated by (3Ai, . . . , 9Aif). This is a line or the 
origin. Its image by <f> is a subgroup H of T K , so the closure of <j>{L) is a torus 
G C T A , and h(<fi(L)) is an embedded torus X C Grd"(£)- On the other hand, 
/i o 0(L) = / °° (L) is the image of the curve 7 : t — > e ta I? oo, so the closure of the 
image of 7 is Af. Clearly, fi+(D) C A". The equality of 0+(D) and X is clear if 
7 is periodic or L = {0}. So assume that 7 is not periodic and L ^ {0}. Then 
H ^ G and there is a sequence {gvY^-i C G\i? such that g v — > e, the identity 
element of G. Let u be an element of the Lie algebra of G such that H is the image 
of t 1 — * exp(ti>). For each ^ there is a sequence {t^p} !^) necessarily unbounded 
because <7„ ^ H, such that = linip^oo exp(t UjP v). We may assume that {tv,p}°^ =l 
is monotonic, so it diverges to +00 or to — 00. In the latter case we replace g v by 
its group inverse, so we may assume that linip^oc t v , p = 00 for all v. Thus if g E H 
is arbitrary, then h(gg v ) <E £Iq(D) and h(gg v ) converges to h(g). Since Qq (D) is 
closed, this shows that h o (f>(H) C Qq"(D). Consequently, also X C fig (D), 

This completes the proof of the second assertion of Proposition 13.31 □ 

As a consequence of the proof we have that Slg (D) is a union of embedded tori: 
n+(D)= |J e isB '{e ta 'Ax, :*eK}. 

s£[-0,0] 

The proof of Lemma [33] will be based on the following lemma. The properties of 
the elements p e k € n^D^t, 1/t] whose existence is asserted in Lemma 13.51 pertain 
only £ fle , Nn ( , and the subspace TT ll[ D pt of £ llt . For the sake of notational simplicity 
we let W = 7r Mf D lll , and drop the fi£ from the notation. The space £ comes equipped 
with some Hcrmitian inner product, and N is nilpotent. 

Lemma 3.11. There is an orthogonal decomposition 

J M 3 

j=0 m=0 

(wi£/i nontrivial summands) and nonzero elements 

Pf e Hom(W,- m , Wj)[t, t- 1 ] (3.12) 

where 

Mi j 



16 



JUAN B. GIL, THOMAS KRAINER, AND GERARDO A. MENDOZA 



satisfying the following properties. 

(1) P? = I Wj , . 

(2) Let 

Qf(t) = e tf >P™{t), nf = ord(Qf). 

Then the sequence {^T'lm— o * s S ^ C ^V decreasing and consists of nonneg- 
ative numbers. 

(3) Let 

Gf = c„ r (Qf), Vf - Gf (Wf ). (3.13) 

Then 

, 3-1 M j> m-l v 

Wj . m+1 = (G™)- 1 V]'/ + Vf . (3.14) 

^j'=0m'=0 m'=o ' 

(^j There are unique maps F"? j m+1 : Wj, m +i — > W™ sucft iftaf 

3-1 M j' m-l 
G 3 m + £ £ Gp'Fp'j m+1 + J2 GfF™' m+1 = (3.15) 

j'-Om'-i) m'—O 

holds on yyj im +i, and 

3-1 M j' , m-l 

pm+l _ pm _|_ ^ ' ^ ' ^n™-n™, pm' pm' ,m+l _|_ ^ ' £"7 ~ n T pm' pm' ,m+l ^3 Jg^ 
3'— m ; — m'—O 

The lemma is a definition by induction if we adopt the convention that spaces 
with negative indices and summations where the upper index is less than the lower 
index are the zero space. In the inductive process that will constitute the proof of 
the lemma we will first define Wj, m +i C Wj,m using (|3.14[) starting with suitably 
defined spaces Wj,o and then define Wj™ = W J>n n W± m+V Note that the right 
hand side of (|3.14| depends only on Wj lT7l , P™ (through G™) and the spaces V™ 
with j' < j and m! arbitrary, or j' — j and m' < m. The relation (|3 . 1 5|) follows 
from (|3.14p and induction, and then (|3.16|) (where Pj™ actually means its restriction 
to VVj, m +i) is a definition by induction; it clearly gives that the Pj™(i) have values 
in W'j as required in (|3.12jl . 

We will illustrate the lemma and its proof with an example and then give a proof. 

Example 3.17. Suppose £ is spanned by elements e^fc (j = 0, 1 and k = 1, . . . , i^) 
and that the Hermitian inner product is defined so that these vectors are orthonor- 
mal. Define the linear operator N : £ — > £ so that iVe J; i = and Nej^k — &j,k—i 
for 1 < k < Kj. Thus N k e jtk = and N k e 3 , k+ i = e, jS ^ 0. Pick integers 
< so < s\ < min {Kq, K\\, and let 

W = span{e , So+ i,ei !S1+ i,e , Sl+ i +e Ml }. 

If id e W and ai/0, then e tN w is a polynomial of degree exactly sq or s\. Let 
Wq.o = Wnker7V s « +1 , i.e., 



W ,o = span{e , So +i} . 
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Then e tN w is polynomial of degree s Q if w e Wo,o- Let Wi,o = WDker N Sl+1 nW^ . 
Thus 

Wi,o = span{ei, sl+ i,e , Sl+ i + ei, Sl } 

and e tN w is polynomial of degree exactly si if it) € Wi,o and u; ^ 0. With these 
spaces we have W = Wo,o © Wi,i as an orthogonal sum. By ^ of Lemma 13.111 
o = Avo.o ■ So e tN P$ 



Pel = Iwn n- So e tN PS is the restriction of 



e tiv = y- t ^ k 
fc! 

to Wo,o, = s , and is ^yiV So restricted to W 0: o- Thus Vq = span{e 0: i}. The 
space Wo,i, defined using (|3.14|) . is the zero space by the convention on sums where 
the upper index is less than the lower index. Thus Mq = 0. We next analyze what 
the lemma says when j = 1. As when j = 0, Pf = iyvi o ; so e tN P\ is the restriction 
of 

s i +k 

e tN = y t^k 
^ fc! 

k=Q 

to Wi, . Hence n\ = s u and G? = j^N Sl \ Wl0 . The preimage of V# by G? is 
Wi,i = span{eo,si+i +ei )S1 }, and so W° = span{ei )S1 _|_i} and V° = span{ei,i}. 
With w = eo jSl +i + ei iSl we have 

aiO _ 1 _ wi s o! 

b i w — — r e o,i — — r e o.so+i' 

si! si\ 



so with Fq 'i : W m ^ W# defined by 

cAi so! 

Si . 

we have G? + GgF^ 1 = 0. Formula f3~TC)) reads 

^i(t) = ^w 1 , 1 +i Sl - So F °; 1 1 

in this instance, and 

51 j-k _ usi- s ( ) s ° +h 

e^Pl{t) W = £ ^ - £ ^Wi- 

fe=0 ' fc=0 

In the first sum the highest order term is t sl /si!eo,i, while in the second it is 
t s °/so!eo,i. Taking into account the coefficient of the second sum we see that 
e tN Pi(t)w has order < s\. A more detailed calculation gives that the order is 
si — 1, and that the leading coefficient is given by the map 

I 1 s ! , 

v (si-l)! si!(.s -l)! / 

its image spans V\ . Note that Vg + V° + is a direct sum and is invariant under 
N. 

Proof of Lemma \3.11\ We note first that the properties of the objects in the lemma 
are such that 

d„,oo =EE v r ( 3 - 18 ) 

j"=0 m=0 
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is a direct sum. Indeed, suppose we have wj 1 £ Wj n , j = 0, . . . , J, m = 0, . . . , Mj 
such that 

E E G >r = °- 

j=0 m=0 

If some wj 1 ^ 0, let 

jo = max {j : 3m s.t. ^ 0} , mo = max {m : tu™ ^ 0} , 
so that w™ a ^ 0. Thus 

j'o — 1 Mj m — 1 jo— 1 -Mj m — 1 

G r<° = - E E G >7 - E G >To e E E v r - E ^ 

j=0 m— m— j— m— m— 

therefore w™° € W JO , mo+ i by f3~T4)l . But also w™° € W™°, a space which by 
definition is orthogonal to Wj , mo +i. Consequently w™° — 0, a contradiction. It 
follows that (|3.18|) is a direct sum as claimed, and in particular that the maps 

Gf\ wr : Wf ^Vf 

are isomorphisms. 

Note that e w is a nonzero polynomial whenever w S W\0 and let 



{sjjjU = {dege'^w : ui G W, w ± o} 



be an enumeration of the degrees of these polynomials, in increasing order. Let 
W_i.o = {0} C W and inductively define 

Wj- o = W n ker iV s ^ +1 n W^_ 1)0 , j = 0, . . . , J. 
Thus Wj.o C W, W = 0^-0 W^o is an orthogonal decomposition of W, 

is injective for j = 0, . . . , J, and if w G Wj,o\0 then e tAr w is a polynomial of degree 
exactly Sj. The spaces W™ will be defined so that m Wj™ = Wj, . 

Let P °(t) = 7 Wo , let Qg(t) = e tfi P${t). Then ord(Qg) = s and 

G° = l/ So !iV s °| Wo , . 

By (|3.14[) , W ,i is the preimage of the zero vector space. Since N s ° is injective on 
W 0l o, Wo.i = 0, W ° = W ,o and M = 0. Let V ° = G°(W °). This proves the 
lemma if J = 0. 

We continue the proof using induction on J. Suppose that J > 1 and that the 
lemma has been proved for W = 0^ Wj- o, so we have all objects described in 
the statement of the lemma, for W'. The corresponding objects for Wj,o are then 
defined by induction in the second index, as follows. 

First, let P*j(t) = Iw JO i Q°r = etN Pj ( a polynomial in t of degree n°j = sj) and 
G°=c SJ (Q°). 

Next, suppose we have found Wj,o D • ■ O Wj,m-i and 

Pp e L{W 3 , m ,W)[t,t- 1 ] 
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so that the properties described in the lemma are satisfied for j < J and all m, or 
j = J and m < M — 1. As discussed already it follows that 

M-2 ,7-1 Mj 

m— j — m=0 

is a direct sum and that the maps 

Gf\ wr : Wf -> V™ (3.19) 

defined so far are isomorphisms. Suppose further that the = ord(Qj l ), m = 
0, . . . , M — 1 are nonnegative and strictly decrease as m increases. In agreement 
with (|3H]) . let 

M-2 .7-1 M, 

Wj , M = (cf- 1 )-^ E V ™ + EE v™), 

m— j — m— 

a subspace of the domain Wj, M -l of Gf" 1 . Define >Vf _1 = Wj,m-i H W^ M . If 
w G Wxa7, then 

M-2 J-l M; 

m— j— m=0 

uniquely with wj 1 £ V™ . Since the maps (|3.19p are isomorphisms, there are unique 

maps F™j M : Wj,m -> W™, j = 0, . . . , J - 1 and m = 0, . . . , Mj, or j = J and 
m = 0, . . . , M — 2 such that 

M-2 ,7-1 Mj 

g j /_1 + £ g j f Z'j m + EE g;' = o 

m— j— m— 

on Wj,m, that is, l|3.15p holds. Define 

M-2 .7-1 Mj 

pM = pM-1 + t^'-'-nJpyprn.M + ^ £ ^ ^-nf pmp^M 

m— j— m— 

so ([3~TC]) holds. Let Q) f = e tN Pj I . Because of dSHHJ) , each term on the right in 

M-2 J-l M } 

Qf = Qf- 1 + t^-^QjFyf + E E t nA/ "- nT QT F D M - 

rn—0 7—0 m— 

has order nf' 1 , so c„(Qf ) = if n > nf'K If Qf ^ 0, let nf = oxd{Qf). A 
fortiori nf < nj? -1 . 

We now show that if Q j = 0, then Wj^/ = 0, so Mj = M — 1 and the inductive 
construction stops. 

Let 7^™.' m+1 : yVj m+1 — > Wj, m be the inclusion map. Note that the combination 
of indices just used does not appear in (|3 . 1 5[) : these maps are not defined in the 
statement of the lemma. With this notation 

m— l 

P™= f 1 ^ 1 -' 12 ™' P'fF™'y m + H™ (3.20) 

m'=0 
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for m = 1, . . . , M and some Hf 6 L(Wj, m , W')[*> t' 1 ]. Let P ro be the set of finite 
strictly increasing sequences v — (z/o, v\ 1 ■ ■ ■ , vie) of elements of {0,...,m} with 
^o = and = m. For v — (vq, . . . , Vk) e V m {m > 1) define 

n»j = (n?- 1 - nf) + (n?" 1 -„?) + ...+ (n?- 1 - n?" 1 ). 

Since the n™ strictly decrease as m' increases, the numbers rij are strictly negative 
except when v is the maximal sequence i/ max in {0, . . . , m}, in which case n j max = 
and F" max is the inclusion of Wj !m in Wj$. It is not hard to prove (by induction 
on m, using (|3.20[1 ) that 

PJ = p* J2 t n ">F V j + HJ- (3.21) 

VEV m 

for all m > 1 where e L(Wj, m , W')[i, i -1 ]- If Qj 7 = 0, then = 0, so, since 
N SJ Hj 1 = 0, 

fqsjpM = t n "'N Sj F v j = 
vev M 

In particular, iV Sj Fj max = c Q (N Sj Pf) = 0. Since AT SJ is injective on Wj )0 , we 
conclude that the inclusion of Wj,m in Wj.o is zero. This means that Wj,m = 0, 
so the inductive construction stops with Mj — M — 1. 

We will now show that there is a finite M such that Q A / = 0. The inductive 
construction gives, as long as Q™ ^ 0, the numbers rfj = ord(Qj t ) which form a 
strictly decreasing sequence in m, with n°j — sj. Suppose rij 1 " 1 > 0, Qj 1 ^ 0, 
and rij 1 < 0. In particular, the coefficient of t° in Q j vanishes. Using (13.21[) with 
m = M we have 

e tNpM = ^ J2 1 —^N S F V ] + e^Hf 
The coefficient of t° is 

vev M ^ nj> ' 



recall that n v } < 0. Since Hf maps into W, iV Sj c (Hf) = 0, and since iV a |w Jj0 = 
if s > sj, N s ->N- n "> = if n v j ^ 0. Thus 

N SJ c (e tSr Pf) = N^'F^— 

where i/ max = (0,1,..., M). Since co(e tN Pj I ) — by hypothesis, since i^ max is 
the inclusion of Wj : m in Wj,o> and since iV Sj is injective on Wj$, Wj,m — 0. □ 

Proof of Lemma Wlh Apply Lemma 13. lll to each of the spaces W w — }r w D w . The 
corresponding objects are labeled adjoining £ as a subindex. Get in particular, 
decompositions 

2=0 m=0 
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for each £, and operators G™ t : W™ e — > V™ e C £ ile such that 

Je M o,l Je M i,l Ji M i,t 

(B (B < ^|W^ : ^ ^ W;)™ ^W.oo = (J) (J) Vj™ 
j— m— j— m— i=0 m— 

is an isomorphism. Let dj 1 ^ = dim Wj^ and pick a basis 

1 

of j = 0, . . . , J,, m = 0, . . . , M J>t . Then p™ k (t) = t~ n T* i$ G W w . 
These elements 

3fAfc e W « [*, , i = 0, ■ • • , Jt, m = 0, . . . , M jA , 1=1,... dfc 
are the ones Lemma T3.5I claims exist. Indeed, since 

tisT 

Since the G r J l l w™ lk form a basis of D^ <00 , the i _n j.« P™'i{t)w 1 J l l k , form a basis of 
for all t £ Sg with large enough real part. □ 

4. ASYMPTOTICS OF THE PROJECTION 

With the setup and (slightly changed) notation leading to and in the proof of 
Proposition ^. 31 given a subspace D C £ and the linear map o : £ — > £ we have, for 
fixed 9 > and t G S e = {t G C : |3?t| < 0}, that 

e ta D = span {«*(*)} , 5fti » 

with 

»*(«) = e t0 + E et(A_Mfe) Pfe,A(*)- (4-1) 

AfEspcc a 
3tX< fJ , k 

The f/fc (t) are polynomials in 1 [t with values in £ flk , the collection of vectors 

9oo,k= Inn 9k(t) 

t — >oo 

is a basis of -Doo, the /ik form a finite sequence, possibly with repetitions, of elements 
in the set {KA : A G spec a}, and 

where the pit) are polynomials in t and 1/t with values in £. The additive semi- 
group 6 a C C (possibly without identity) generated by the set (|3.8p is a subset of 
{A 6 C : 5RA < 0} and has the property that {$ G S a : 5Ri9 > /i} is finite for every 
fi GM. 

Proposition 4.2. Let G Gr<j'(£) &e complementary to D, suppose that 

y K c\n+{D) = %. (4.3) 

Then there are polynomials . . . , z N ,t) with values in End(£ ) and C-valued 

polynomials q^z 1 , . . . , z , i) suc/i £/iat 

3C, i? > aucft that Me 4 * aAl , . . . , e 4 * aA ™ , t)| > C if t G S* e , 3fa > i? (4.4) 
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and such that 



E 



e*%(e it3!Al ,...,e it9Ai V) 



t £ Sg, 5Ri > i?o 



^(e it3fAl , . . . , e ltSA «,t) ' 

wrai/i uniform convergence in norm in the indicated subset of Sg . 

Proof. Let K C £ be complementary to 7) as indicated in the statement of the 
proposition, let u = [u\, . . . , it^] be an ordered basis of K. Write g for an ordering 
of the basis {goo.fc} of D x . With the Vk(t) ordered as the <7oo,fc to form v(i), we 
have 

"a(t) 0" 



[v(t) u] = [g u] 
where 

<*(*) = E E ^"^''"mO. 



/3(i) 7 



(4.5) 



/3(*)=E E e t(A ~ Mfc) /M*)- ( 4 - 6 ) 



fe AG spec a 



fe AGspcca 
SRA< Mfc 



The entries of the matrices o^a^) and f3k,\(t) are both polynomials in t and 1/t, 
but only in 1/t if SRA = Hk. Define 



« (0) w = E E 



H*) = E E ^"^W.aW, (4.7) 



k AGspcca 
5RA= Mfc 



fe AEspcca 
KA<^fc 



likewise /3^ ^ (i) and 0(t). Note that d(t) and (3{t) decrease exponentially as 5Rt — > oo 
with bounded. 

The hypothesis (14. 3|) gives that 

a(i) 0" 
_/3(t) 7 

is invertible for every sufficiently large 5Ri, so a(t) is invertible for such t. In fact, 

there are C, R > such that | det(a(t))| > C if f G 5 e , 9fc > 7? . (4.8) 

For suppose this is not the case. Then there is a sequence {t^} in Sg with ytt v — > oo 
as i/ — * oo such that deta(i„) — > 0. Since both a(t v ) and /3(t v ) are bounded, we 
may assume, passing to a subsequence, that they converge. It follows that e tv °"D 
converges, by definition, to an element D' € Q,f(D). Also the matrix in (|4.5[) 
converges. The vanishing of the determinant of the limiting matrix implies that 
K n D' ^ {0}, contradicting l[43|) . Thus gH) holds. 
H 6 G £ then of course 



gives 



= [v(t) u] 



[g u] 
Sub 

[g u] = [v(i) u] 



v3 

where the tp l are columns of scalars. Substituting 

a(t)" 1 



-/3(t)a(t) _ 



= [v(t) u]- 



a(f)~V 
-/3(i)a(t)"V 



hence 



= v(f) • a^-V 1 + u - ( - /3(t)a(i)-y + V 2 ); 
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This is the decomposition of <f> according to £ = e ta D © K, therefore 

K e t«D,K(l> = v(t) • a(i)"V 1 - 
Replacing v(t) = g • a(t) + u • f3(t) we obtain 

n e t"D,K<t> = (g ' a(t) + u • Pifyait)- 1 ? 1 

= (g + u-)9(t)a(i)- 1 )v 1 . ,J '' ,! 

The matrix a^°\t) is invertible because of (|4. 8[) and the decomposition a(t) = 
+a(t), so 

(3(t)a{t)- x = /3(t)a (0) (t) _1 (/ + fi^a^f) -1 )" 1 

= /3(t)a(°J(t)- 1 f;(-l)<[a(t)a( )(t)- 1 ]«. ^ 

The series converges absolutely and uniformly in {t £ Sq : $tt > Rq} for some real 
Ra £ K- The entries of (t) arc expressions 

N 

AGspcc a i/— 

hence 

det a (°) (t) = g(e l * aAl , . . . , e l * aA ~ , 1 /i) 

for some polynomial ^(z 1 , . . . , z , 1/i). Note that because of (|4.8D . 

there are C, i? > such that | det(a°(t))| > C if t 6 S , !Rt > i? - (4.11) 

Since a (0) (t) _1 = (det a (0) A(t) 1 ' where A(t) 1 * is the matrix of cofactors of 
a (0) (*), (T^TU1> and @2J) give 

^(t)a(t)" 1 = £ r*(t)e" (4.12) 

t?£6„ 



where S a was defined before the statement of Proposition 14.21 as the additive 
semigroup generated by {A — 5RA' : A, A' S spec a, KA < 5RA'} and r#(t) is a matrix 
whose entries are of the form 

p4e it9Al ,...,e itaAjv ,M/f) 
g(e it3A i,...,e l * 9 ' A «,l/i) n '' 

for some polynomial ^^(z 1 , . . . , z N , t, 1/t) and nonnegative integers n#. Multiplying 
the numerator and denominator by the same nonnegative (integral) power of t we 
replace the dependence on 1/t by polynomial dependence in e 4 *^ Al , . . . , e** 3 ' Ajv , t 
only. This gives the structure of the "coefficients" of the e stated in the proposition 
for the expansion of n e ta D,K- D 

The terms in (l4~T2"|) with = come from /3 (0 \t)a m (t)- 1 . So the principal 
part of 7r e ta £> iJr is 

or(^ D , K )4> = (g + U • ^'(iJa^'trV 1 
This principal part is not itself a projection, but 

II ^(^efD^) -K e t*' D K \\ — > as — > oc, i e Sg. 
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We now restate Proposition ^. 21 as an asymptotics for the family (|2.10j) using the 
notation k for the action on £ and express the asymptotics of n -1 D K in terms of 

the boundary spectrum of A exploiting (|3.ip . Condition (|4.14[) below corresponds 
to our geometric condition in part (iii) of Theorem 12.151 expressing the fact that 
A is a sector of minimal growth for A At x> A - The 51-limit set is the one defined in 
(|2.14p . Recall that by Q x / m we mean the root defined by the principal branch of 
the logarithm on C\R_. We let Ao ^ be an element in the central axis of A and 
define A = {Q : QXq E A}; this is a closed sector not containing the negative real 
axis. 

Let 6 C C be the additive semigroup generated by 

{a - i^sa' : a, a' E spec h (A), -m/2 < Scr < 3?cr' < to/2} . 

Thus — i& = 6 a . Let o~i, . . . , <7jv be an enumeration of the elements of S = 
spec b (A) n {-to/2 < 3cr < m/2}. 

Theorem 4.13. Let K E Gr^'iS) be complementary to D, suppose that 

y K nn A (D) = (H. (4.14) 

Then there are polynomials ps{z 1 : . . . ,z N ,t) with values in End(£) and C-valued 
polynomials q^(z 1 , . . . , z N , i) such that 

3C, R >0 such that MC i3W "\ ■ ■ ■ ,0 RctW "V)I > C if ( e A, \(\ > R 

(4.15) 

and such that 

_ C- M/m Po(( mai/m ,---X m ' TN/m ,rn- 1 log() ~ 

with uniform convergence in norm in the indicated subset of A. 

The elements z9 E 6 are of course finite sums $ = X) n jfe( CT j ~ zQc/c) for some 
nonnegative integers njk, with o~j, Ok E £ and Q<7j < ^so~k- Separating real and 
imaginary parts we may write £~ "V m as a product of factors 

( ~7i jk (Qaj-'3iy k )/m 
^in jk $ta k /m 

We thus see that we may also organize the series expansion of 7r -i K in the 
theorem as 

C _ ' i ' 5/m p 1 ?(C 3i ' Tl/m ,---,C !R ' TN/m ,"i" l iogC) 

~ J- <?4C^ l/m , . . . , m-1 logC) 

where Gr C M is the additive semigroup generated by 

{Scr - Scr' : a, a' E E, Scr' < 3cr'} 
and p,?, q$ are still polynomials. 

Remark 4.16. If E lies on a line Ker = co, then — i& C M- — ico- Also in this 
case, the coefficients of the exponents in ()4.1[) can be assumed to have vanishing 
imaginary part (see Remark l3.7p . Assuming this, the coefficients of the exponents in 
(|4.7p are real, in particular det (t) is just a polynomial in l/t, the coefficients r$ 
in the expansion (|4.12[) can be written as rational functions of t only. Consequently, 
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in the expansion of the projection in Theorem 14.131 the powers —id are real < 
and the coefficients can be written as rational functions of log £. 

5. Asymptotic structure of the resolvent 

For the analysis of {Ad — X)~ e for I £ H sufficiently large we make use of the 
representation (|1.8p of the resolvent as 

{Av-Xy 1 =B{X) + Gv{\), (5.1) 

where B{\) is a parametrix of {A min — A) and 

G v {\) = [1 - B{X){A - X)}F V {X)- 1 T{X). (5.2) 
The starting point of our analysis is 

{A v - \y e = _L_9*-i(^ - A)" 1 for any i G N. 

We are thus led to further analyze the asymptotic structure of the pieces involved 
in the representation of the resolvent. In [14] we described in full generality the 
behavior of 5(A), [1 - B{X){A - A)], and T(A), and we analyzed F V {X)~ 1 in the 
special case that T> is stationary. In the case of a general domain T>, we now obtain 
as a consequence of Theorem 14 . 1 31 the following result. 

Proposition 5.3. For R > large enough we have 

F v {xy 1 e (s£ nS°){A R ;V A /V 

A, mini ^max/^min)- 

The components of Fd{X)^ 1 have orders v + with v G £, the semigroup defined in 
(|1.6p . and their phases belong to the set 9Jt defined in (| 1 . 5[) . 

Here S°{A R ; V A /V Atin i a , Anax/Anin) denotes the standard space of (anisotropic) 
operator valued symbols of order zero on A R (see the appendix), where T> A /V Amin 
carries the trivial group action, and Dmax/Anin is equipped with the group action 
k e = 8~ 1 K p 9. The symbol class 5^ {A R ; T> A /V Aym i n , T> max /T> m ; n ) is discussed in 
the appendix (see Definition I A. 4[) . Recall that A^ = {A G A : |A| > R}. 

Proof of Pro-position 1 5. S[ We follow the line of reasoning of [HI Propositions 5.10 
and 5.17]. The crucial point is that we now know from Theorem 14.131 and Propo- 
sition [2T7] that Fa,-d a (A)" 1 belongs to the symbol class 

{S% ns°){A R; v A /v A , min ,v A ,max/2?A,min), 

where the actions on T> A /T> Atmin and £ , A,max/£ , A,min are, respectively, the trivial 
action as above and k b . The components of F a< d a (A)" 1 have orders v + with v G (£, 
and their phases belong to the set 9Jt. Consequently, <E>o(A) = 9~ 1 F ' Ai t> a (A) _1 
belongs to 

(S% nS°){A R ;V A /V A>mbi 

and we have the same statement about the orders and phases of its components. 

Phrased in the terminology of the present paper, we proved (see [14[ Proposition 
5.10]) that the operator family 

F{X) = [T{X){A - A)] : £> max /£> min -> V A /V A , min 

belongs to the symbol class 

{S% Pi S°) {A R ; Vmax/V m i n , V A /V A ^ m i n ), 
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and that 

F(A)$ (A) - 1 = R(X) e S- 1+£ (A R ;V A /V^ mini V A /V^ min ) 

for any e > 0. More precisely, F(X) is an anisotropic log-polyhomogeneous operator 
valued symbol. We thus can infer further that in fact 

R(X) eS^ L> (A R ;V A /T> A>min 

and that the components of R(X) have orders v + with v G (£, v < — 1, and 
phases belonging to the set 971. The usual Neumann series argument then yields 
the existence of a symbol i?i(A) € (A^; P A /I? A:m i n , I? A /2? A)m i n ) such that 

F(A)$ (A)(l + i?i(A)) = 1 for A e A R . Consequently fb(A)- 1 = $ (A)(1 + -Ri(A)) 
belongs to 

(S% nS°)(A R ;VjV Atmin 

) ^max /^min ) ? 

and its components have the structure that was claimed. □ 

With Proposition 15.31 and our results in [TH Section 5] at our disposal, we now 
obtain a general theorem about the asymptotics of the finite rank contribution 
Gt>{X) in the representation (|5.1[) of the resolvent. Before stating it we recall and 
rephrase the relevant results from [M] about the other pieces involved in (|5.2p using 
the terminology of the present paper. 

Concerning T(A) we have ( [14L Proposition 5.5]): 

i) For any cut-off function u> € C£°([0, 1)) the function T(A)(1 — u>) is rapidly 
decreasing on A taking values in J:f(x~ m ^ 2 H^,'D A /'D Aiin i n ) 1 and 

t(X) = T(X)u> e 5- m (A;/C s - m / 2 ,P A /I? A , min ). 

Here /C s, ~ m / 2 is equipped with the (normalized) dilation group action K g , 
and we give 2? A /f A.min again the trivial action. 
ii) The family i(A) admits a full asymptotic expansion into anisotropic homo- 
geneous components. In particular, we have 

t(X) e 4: m)+ (A;/C s - m / 2 ,P A /i?A,min). 

The spaces ]Q s -- m / 2 are weighted cone Sobolev spaces on Y" A . We discussed them 
in [T^l Section 2] and reviewed the definition in [HI Section 4] (see also |28j . 
where different weight functions as x — > ex) are considered). Note that /C°< _m / 2 = 

Concerning 1 - 5(A) (^4 - A) we have, for arbitrary <p e C°°(M; End(-B)) f [I"4l 
Proposition 5.20]): 

m) The operator function P(X) — tp[l — B(X)(A — A)] is a smooth function 
A R -» ^(P^/D,™,!-'"/ 2 ^) 

which is defined for i? > large enough. Let cj € C£°([0, 1)) be an arbitrary 
cut-off function. Then (1 — u>)P(X) is rapidly decreasing on A R , and 

p(X) = UJP(X) G S°(A fl ; Anax/Anin,^'-"/ 2 ), 

where A3~ m / 2 is equipped with the (normalized) dilation group action K e , 
and the quotient T> max /T> m i n is equipped with the group action k e . 
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iv) p(X) is an anisotropic log-polyhomogeneous operator valued symbol on Ar. 
In particular, 

p(A) = ujP(X) G S ^ (A R ;V m ^/V min ,IC s '- m ^). 
With Wl as in (|1.5p and (£ as in (|1.6p we have: 

Theorem 5.4. Let ^ G G°°(M; End(-E)), and let u,w G G c °°([0, 1)) be arbitrary 
cut-off functions. For R > Zarge enough the operator family Gx>(A) is defined on 
Aji, and 

(l-^Gp(A), vG B (A)(l-w) G ^(Ar, t 1 (x~ m / 2 H§ , x~ m / 2 Hi)). 
Moreover, 

lo V Gt>{\)£o G (4 m)+ n5- ra )(A J ;;r- m / 2 ,/C f '- m / 2 ), 
where the spaces 

jQs-m/2 and £t,-m/2 

are equipped with the group action n g . In 
fact, unpGx>(X)tj takes values in the trace class operators, and all statements about 
symbol estimates and asymptotic expansions hold in trace class norms. The com- 
ponents have orders v + with v G <&, v < —to, and their phases belong to 9Jt. 

Corollary 5.5. For R > sufficiently large andip G C co {M\ End(-E)), the operator 
family ipGoW * s a smooth family of trace class operators in x^ m l 2 L\ for A G Ar, 

and Tr(<ysGi)(A)) G (sj% m ' n S* - ™) (A/?). TTie components have orders v + with 
v E (£, V < —to, and their phases belong to the set 9JI. 

Theorem 15.41 and Corollary 15.51 follow at once from the previous results about 
the pieces involved in the representation (|5.2[) for Gp(A) and the properties of 
the operator valued symbol class discussed in the appendix. In the statement of 
Corollary 15.51 the scalar symbol spaces are also anisotropic with anisotropy to. In 
particular, this means that Tr(</?Gi)(A)) = 0(|A| _1 ) as |A| — > oo. 

We are now in the position to prove the trace expansion claimed in Theorem ll.4l 
To this end, we need the following result ([21 Theorem 4.4]): 

v) Let (p G C°°(M; End(E)). If ml > n, then ipd e x ^ 1 B(X) is a smooth family 
of trace class operators in x ~ m/2 Ll, and the trace Tr(^ _1 £?(A)) is a 
log-polyhomogeneous symbol on A. For large A we have 

n-l 

Tr^-^A)) ~ + <*n log(A)A- £ + r(A), 

j=o 

where 

r(A) G (S^ m)+ HS- im )(A). 
Now, combining v) with Corollary [531 we finally obtain: 

Theorem 5.6. Let A C C be a closed sector. Assume that A G x~ m Diff™(M; E), 
to > 0, with domain T> C x~ m l 2 L 2 satisfies the ray conditions (| 1 - 3[) . Then A is a 
sector of minimal growth for Ax>, and for ml > n, (A-p — X)~ e is an analytic family 
of trace class operators on Ar for some R > 0. Moreover, for ip G C°°(M ; End(_B)) , 

t^(a v xy e ) g (4"hor )+ n s-^)(A R ). 

The components have orders v + with v G (£, v < n — im, where <£ is the semigroup 
defined in (| 1 .6() . and their phases belong to the set 9Jt defined in (|1.5|) . 
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More precisely, we have the expansion 

n-l 

Tr(<p(A v - X)- e ) ~ ^\^^ + a n log(\)\- e + s v {\) 

3=0 

with constants aj G C independent of the choice of domain T>, and a domain 
dependent remainder s v (X) G (S^^ + n S~ e " l )(A R ). 

If all elements of the set {a G spec b (A) : —m/2 < Qcr < m/2} are vertically 
aligned, then the coefficients r v in the expansion (|1.7| of s-d(A) are rational functions 
of log A only. This is because, in this case, the series representation of the projection 
in Theorem 14.131 contains only real powers of ( and rational functions of log£, see 
Remark 14.161 This simplifies the structure of .Fa,x> a (A) _1 according to Section [2J 
and consequently the structure of F-p(A) -1 (see the proof of Proposition 15. 3| . As 
recalled in this section, the terms coming from -B(A) and the other pieces in the 
representation (|5.2p of Gx>(A) do not generate phases. 

If T> is stationary, then the expansion (|1.7p of S£>(A) is even simpler: the r v are 
just polynomials in log A, and the numbers v are all integers. To see this recall that 
if £> A is ^-invariant, then i r Ai x> A (A) _1 is homogeneous, see (12.3[) . so it belongs to 
the class 

A, mill? ,max/^A,min A, mill; ,max/^A,min)- 

Consequently, by the proof of Proposition 15.31 i*x>(A) _1 is log-polyhomogeneous. 
This property propagates throughout the rest of the results in this section and gives 
the structure of Sx>(A) just asserted. 

Appendix A. A class of symbols 

Let A C C be a closed sector. Let E and E be Hilbert spaces equipped with 
strongly continuous group actions n e and k e , q > 0, respectively. Recall that the 
space S V (A;E,E) of anisotropic operator valued symbols on the sector A of order 
(/£lis defined as the space of all a G C°°(A, S£(E, E)) such that for all a, (3 G N 

\\*W/ m %%<*)*WV"\\x(E& = 0(\\\"/ m - a -P) as |A| > oo in A. 

By S'"' (A; E, E) we denote the space of anisotropic homogeneous functions of de- 
gree v G M, i.e., all a G C°°(A \ {0},Jf(E,E)) such that 

a{g m X) = Q v R e a(X)K~ l for g > and A G A \ {0}. 

Clearly X WS (l/) (A;E,E) C S"{A;E,E) with the obvious meaning of notation, 
where % £ C°°(R 2 ) is any excision function of the origin. When E = E = C 
equipped with the trivial group action the spaces are dropped from the notation. 

Such symbol classes were introduced by Schulze in his theory of pseudodifferential 
operators on manifolds with singularities, see [28 . In particular, classical symbols, 
i.e. symbols that admit asymptotic expansions into homogeneous components, play 
a prominent role, and we have used such symbols in [12] for the construction of a 
parameter-dependent parametrix B(X) to A m - m — A. As we see in the present paper, 
the structure of resolvents {Av — A) -1 for general domains V is rather involved, 
and classical symbols do not suffice to describe that structure. We are therefore 
led to introduce a new class of (anisotropic) operator valued symbols that admit 
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certain expansions of more general kind. As turns out, this class occurs naturally 
and is well adapted to describe the structure of resolvents in the general case. 

Recall that V[zi,...,zm] denotes the space of polynomials in the variables Zj, 
j = 1 . . . , M, with coefficients in V for any vector space V. We shall make use of 
this in particular for V — C and V = (A; E, E). In what follows, all holomorphic 
powers and logarithms on A are defined using a holomorphic branch of the logarithm 
with cut T (£ A. 

Definition A.l. Let i/£M. We define sj£ \A; E, E) as the space of all functions 
s(A) of the following form: 

There exist polynomials p G S^(A; E, E)[z\, . . . , z^ + i] and q G C[zi, . . . , Zn+i] 
in N + 1 variables, N = N(s) G No, and real numbers fik — A*fc(s), k = 1, . . . , N, 
such that the following holds: 

(a) l^ 1 ,.. . , A^ N ,logA)| > c> for A G A with |A| sufficiently large; 

(b) s(A) = r{X)\ v l m , where 

= p(A*y..,A*",logA) 
1 J g(A^!,...,A^«,logA)' 1 ' ' 

To clarify the notation, we note that 

p(A Vl ,...,A VN ,logA) = ^ a Q , fe (A)A VlQl • • • A v " ajv log fe A 

|a|+fe<M 

as a function A \ {0} -> 3?(E,E) with certain a Q:fe (A) G S^°\A;E,E). 
We call the /Ufc the phases and v + the order of s(A). 

Every s(A) € <S^ \A;E,E) is an operator function defined everywhere on A 
except at A = and the zero set of g(A* Ml , . . . , A iAiJV , log A). The latter is a discrete 
subset of A\{0}, and it is finite outside any neighborhood of zero in view of property 
(a). 

Proposition A.3. (1) S% \A;E,E) is a vector space. 

(2) Let E be a third Hilbert space with group action k e , g > 0. Composition of 
operator functions induces a map 

S ( ^\A;E,E) x S { ^\A;E,E) -> S% Vl+V2)+) (A; E, E). 

(3) For a, (3 G N we have 

8%d? : S { / ] (A; E, E) - 5«^ ma - m/3)+) (A; £, £). 

M Zef s(A) G S ( ^ +) (A;E,E). Then 

x(X)s(X)eS"+ £ (A;E,E) 

for any e > and any excision function \ G C°°(K 2 ) o/ i/ie sef where s(A) 
is undefined. 
(5) Let s(A) G \A]E,E) and assume that 

ii^Jv^ s ( A ) K iAiv^ii^ (B 3) = o(iAr/ ro - £ ) 

as |A| — > oo /or some e > 0. T/ien s(A) =0 on A. 

In particular, S% x \A\ E, E) fl } (A; £) = {0} whenever v\^v 2 . 
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Proof. (1) and (2) are obvious. For (3) note that 

a ag§ . sr("a)(A;£,B) -» S { "°~ ma - ml3) {A;E,E) 
for any i/ . Consequently, d™d@ acts in the spaces 

S iuo) (A; E, E) [A Vl , . . . , A VN , log A] -> s^o-mc*-™/?) ( A; ^ ^ ^ ( ... ; A v« > log A j 
C[A Vl , . . . , A VN , log A] -> Sf(-™«-«« (A) [A V1 , . . . , A VN , log A] 

with the obvious meaning of notation (the latter is a special case of the former in 
view of C C S^(A)). (3) is an immediate consequence of these observations. 

(4) follows at once in view of property (a) in Definition IA.1I (and using (3) to 
estimate higher derivatives). Note also that, for large A, the numerator in (|A.2|) 
can be regarded as a polynomial in log A of operator valued symbols of order zero. 

In the proof of (5) we may without loss of generality assume that v = 0, so s(A) 
is of the form JA2|. Since |g(A Vl , . . . , A VN , log A)| = 0(log M |A|) as |A| -> oo we 
see that it is sufficient to consider the case q = 1, so s(A) = p(A Vl , . . . , A VJV , log A). 
For this case we will prove that if 

ll«|^|i/ m s(A)K|A|i/m||^( B ,£) -^0 

as |A| — > oo, then s(A) = on A. For this proof we can without loss of gener- 
ality further assume that s(A) contains no logarithmic terms, so we have s(A) = 
p(A Vl , . . . , A ,A1JV ). Moreover, we can assume that the numbers /xjv € K are 

independent over the rationals, for if this is not the case we can choose rationally 
independent numbers fli, . . . , \xk £ R such that fij = J2k=i z jkfik with coefficients 
Zjk G Z, and so 

K 

x i H = Jj (Vi y 

fe=l 

for every j = 1,...,N. Consequently, there are numbers Nj G N, j = 1, . . . , K, 
and a polynomial p € 5^ (A; E,E)[zi, . . . , zk\ such that 

X^ lNl ■ ■ ■ A^^XA^ 1 , . . . , A^ tN ) = p(A iAl , . . . , X iilK ), 

and both assertion and assumption are valid for p if and only if they hold for p. So 
we can indeed assume that the numbers fij, j — 1, . . . , N, are independent over the 
rationals. 

Now let A 6 A be arbitrary with |Ao| = 1, and consider the function / : (0, oo) —> 
&(E, E) defined by 

This function is of the form 

f(g) = aatfi*)'* ■■•((?»»)<*» 

\a\<M 

for certain a a € J2?(E,E), and by assumption |]/(f>)|| jj\ — > as g — > oo. Let 
Po(z) = Yl\a\<M a a zOL i z — ( z i, ■ ■ ■ > z n) G C w , and consider the curve 

{g ltll ,...,Q VN ) e S 1 x ... x S 1 

on the A-torus. The image of this curve for g > g Q is a dense subset of the iV-torus, 
where go > can be chosen arbitrarily, because the /Zj are independent over the 
rationals. The function / is merely the operator polynomial po(z) restricted to 
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that curve. Since f(g) — > as g — > oo, this implies that for any e > we have 
||po(z)|| < £ for ah 2 in a dense subset of the iV- torus. This shows that po(z) is the 
zero polynomial, and so the function f{g) = for all g > 0. 

Consequently, the function p(A Vl , . . . , A VJV ) vanishes along the ray through Ao, 
and because Ao was arbitrary the proof is complete. □ 

Definition A. 4. For define S v ^ (A; E, E) as the space of all operator valued 

symbols a(A) that admit an asymptotic expansion 

oo 

<*(A)~X>W«i(A), (A.5) 

3=0 

where Sj(X) G S^ 3 (A;E,E), v — vq > v\ > . . . and Vj — * — oo as j — > oo, and 
Xj(A) is a suitable excision function of the set where Sj(X) is undefined. 

We call Sj(X) the component of order of a(A). The components are uniquely 
determined by the symbol a(A) (see Proposition lA.Gl) . 

Familiar symbol classes like classical (polyhomogeneous) symbols, symbols that 
admit asymptotic expansions into homogeneous components of complex degrees, 
or log-polyhomogeneous symbols are all particular cases of the class defined in 
Definition IA.4I In particular, the denominators q in (|A.2[) are equal to one in all 
those cases. 

Of particular interest in the context of this paper are symbols a(A) with the 
property that all components Sj-(A) have orders with i/j G (£, the semigroup 
defined in (|1.6|) . and phases in the set VJl defined in (|1.5| . 

Proposition A.6. (1) S% T(A; E, E) is a vector space. For any e > we have 
the inclusion S^(A;E,E) C S V+B (A; E, E). 

(2) Let a(A) G (A; E, E). The components Sj(X) in (|A.5P are uniquely 
determined by a(A). 

(3) Let E be a third Hilbert space with group action k B , g > 0. Composition of 
operator functions induces a map 

S^(A;E,E) x S V J{A;E,E) -» S ( £ +V2)+ (A; E, E). 

The components of the composition of two symbols are obtained by formally 
multiplying the asymptotic expansions (|A.5j) of the factors. 

(4) For a,fj G No we have 

d%d{ : s£(A;E,E) - S^ ma ~ mf3)+ (A; E, E). 

If Sj(\) are the components of a(A) G Sa^ (A; E, E), then d™d@Sj(A) are 
the components of d"d^a(\). 

uf 

(5) Let dj (A) G iS^ (A;E,E), Vj — » — oo as j — > oo, and ie< f = max i/ 3 . Let 
a(A) 6e an operator valued symbol such that a(A) ~ X^=o a i(^)- 

T/ien a(A) G 5^ (A;E,E), and the component of a(A) of order M + is 
obtained by adding the components of that order of the aj(X). This is a 
finite sum for each M < v and will yield a nontrivial result for at most 
countably many values of M that form a sequence tending to — oo. 
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Proof. Everything follows from Proposition [All] and standard arguments. Because 
of its importance we will, however, prove (2): 

oo ( u+ ) 

To this end, assume that ~ Sjlo XjW s jW with Sj(X) G S^ 3 (A;E,E), 
Vj > Vj+i — > — oo as j — > oo. We need to prove that all Sj(A) are zero. Because 

oo 

Xo(A) So (A)~-X>(AH(A) 
i=i 

we see that Xo(A)s (A) G 5" 1+e (A; E 1 , i£) for every e > 0. Choose e > such that 
i/i +e < n>. Then ||«jj 1/m Xo(A)a (A)/C| A |i/m|| = 0(|A|^ +e V m ) as |A| oo, 

and by Proposition IA.3f 5) we obtain that So(A) = on A. Consequently all Sj(A) 
are zero by induction, and (2) is proved. □ 

By 5^ + hol (A; E, E) we denote the class of symbols a(A) G (A; E, E) that are 

holomorphic in A. Let Sj(\) be the components of a(A) G hol (A; E , E) . By 
Proposition IA.61 d^Sj(X) are the components of <9^a(A) = 0, and consequently all 
components Sj(X) are holomorphic. 

In the case of holomorphic scalar symbols (or, more generally, holomorphic op- 
erator valued symbols with trivial group actions), we can improve the description 
of the components as follows. 

Proposition A. 7. Leta(X) G S^ hol (A), a(A) ~ Yl'jLo XjW s jW with components 
Sj(X) of order v~f~ . 

For every j G No there exist polynomials Pj,qj G C[z±, . . . , 2^+1] * n Nj + 1 
variables with constant coefficients, Nj G No, and real numbers (ijk, k = 1, . . . , Nj, 
such that the following holds: 

(a) ^-(A'W 1 , . . . , A^^ , log A) | > Cj > for A G A wrf/i |A| sufficiently large; 

(b) Sj (X) =r i (A i ^ 1 ,...,A w ^,logA)A^/ m , where rj = Pj/qj. 

Proof. We already know that the components Sj(A) are holomorphic. We just need 
to show that in this case the numerator polynomials p in Definition IA.1I can be 
chosen to have constant coefficients rather than homogeneous coefficient functions. 
This, however, follows from Lemma [A. 81 b elow . □ 

Lemma A. 8. Let /i(A), . . . , /m(A) be holomorphic functions on A\{0}, and letp G 
( A) [z\ , . . . , Zm\- Assume that the function p(/i(A), . . . , /m(A)) is holomorphic 
on A, except possibly on a discrete set. 

Then there is a polynomial po G C[zi, . . . , Zm] with constant coefficients such 
that 

K/i(A), . • • , /m(A)) = Po (/i(A), . . . , /m(A)) 
as functions on A \ {0}. 

Proof. Since all singularities are removable, we know that p(/i(A), . . . , /m(A)) is 
holomorphic everywhere on A. We have 

p(A(A),...,/ M (A))= £ Oa(A/|A|)/ 1 (A) ai ■■■ fu{X) aM . 

\a\<D 
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Let Ao £ A. Define 

p Q (z 1 ,...,z M ) = ]T a a (\ /\\ \)z^---z™ 

\a\<D 

Then clearly 

p(/i(A), . . . , / M (A)) = po(/i(A), . . . , / M (A)) 

on the ray through Aq. By uniqueness of analytic continuation this equality neces- 
sarily holds everywhere on A, and by continuity then also on A \ {0}. □ 
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